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COVERING THEORY OF CATEGORIES WITHOUT FREE ACTION 
ASSUMPTION AND DERIVED EQUIVALENCES 

'on 

§ ; hideto asashiba 

(N 

J>->' Abstract. Let G be a group of automorphisms of a category C. We give a def- 

, ^ . inition for a functor F : C — * C to be a G-covering and three constructions of the 

orbit category C/G, which generahzes the notion of a Galois covering of locally finite- 
dimensional categories with group G whose action on C is free and locally bonded. 
Here C/G is defined for any category C and we do not require that the action of G 
is free or locally bounded. We show that a G-covering is a universal "G-invariant" 
functor and is essentially given by the canonical functor C -^ C/G. By using this 
we improve a covering technique for derived equivalence. Also we prove theorems 
describing the relationships between smash product construction and the orbit cat- 
r^ . egory construction by Cibils and Marcos (2006) without the assumption that the 

"t^ I G-action is free. The orbit category construction by a cyclic group generated by an 

auto-equivalence modulo natural isomorphisms (e.g., the construction of cluster cat- 
egories) is justified by a notion of the "colimit orbit category" . In addition, we give 
a presentation of a skew monoid category by a quiver with relations, which enables 
>0 ' us to calculate many examples. 

\D 
O 
l> 
tJ- ; Introduction 

(^ ■ Throughout this paper G is a group (except for sections 8, 9) and k is a commutative 

OO ! ring, and all categories, functors and algebras are assumed to be k-linear. A pair (C, A) 

^-^ ' of a category C and a group homomorphism A: G ^> Aut(C) is called a category with 

a G-action or a G- category, where Aut(C) is the group of automorphisms of C (not the 

^ . group of auto-equivalences of C modulo natural isomorphisms). We set A^ := A{a) 

H ! for all a G G. If there is no confusion we always (except for sections 8, 9) denote 

G-actions by the same letter A, and simply write C = {C,A), and further we usually 

write ax := AaX, af := Aaf for all x G C and all morphisms / in C. 

Classical covering technique. Let F: C — > C be a functor with C a G-category. The 
classical setting of covering technique (see e.g., [8]) required the following conditions: 

(1) C is basic (i.e., x ^ y ^ x '^ y); 

(2) C is semiperfect (i.e., C{x,x) is a local algebra, Va; G C); 

(3) G-action is free (i.e.,1 7^ Va G G, Vx G C, ax 7^ x); and 

(4) G-action is locally bounded (i.e., Wx,y G C, {a G G | C{ax,y) 7^ 0} is finite). 

But these assumptions made it very inconvenient to apply the covering technique to 
usual additive categories such as the bounded homotopy category /C'^(prj R) of finitely 
generated projective modules over a ring R or even the module category Modi? of R 
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2 HIDETO ASASHIBA 

because these categories do not satisfy the condition (2) and hence we have to construct 
the full subcategory of indecomposable objects, which destroys additional structures 
like a structure of a triangulated category; and to satisfy the condition (1) we have to 
choose a complete set of representatives of isoclasses of objects that should be stable 
under the G-action, which is not so easy in practice; and also the condition (3) is 
difficult to check in many cases, e.g., even in the case when we use G-actions on the 
category /C^(prji?) or on Modi? induced from that on R. These made the proof of 
the main theorem of a covering technique for derived equivalences in [1] unnecessarily 
complicated and prevented wider applications. The first purpose of this paper is to 
generalize the covering technique to remove all these assumptions. 

Orbit categories and covering functors. Recall that to define a so-called "root 
category" I)'^(modiJ)/[2] of a hereditary algebra H over a field in Happel [11] or in 
Peng-Xiao [16] we needed a generalization that removes at least conditions (1) and 
(2). It seems, however, even such a simple generalization was not found explicitly in 
the literature for a long time. The definition of root categories given in [16] works 
only for itself, and does not give a general definition of orbit categories. (Nevertheless, 
their definition was useful to show that the obtained orbit category is a triangulated 
category.) This gave us one of the motivations to start this work. Recently general 
definitions of orbit categories was given in [6] by Cibils and Marcos (let us denote it by 
C/^G) and in [14] by Keller (in the case that G is cyclic, let us denote it by C/^G). But 
we still did not understand the relationship between the notion of covering functors by 
Gabriel [8] and the orbit categories defined by them. We wanted to generalize Gabriel's 
covering technique as much as possible. To this end it was necessary to generalize the 
definition of a covering functor. In the classical setting the first condition for a functor 
F to be a (Galois) covering functor (with group G) is that F = FA^ for all a G G. 
This leads us naturally to a definition of an invariance adjuster, a family of natural 
isomorphisms := {(f)a'- F -^ FAa)a£G (see Definition 1.1). The pair {F,(f)) is called a 
{right) G-invariant functor, further which is called a G- covering functor if F is a dense 
functor such that both 

^S- ^Ciax,y)^C'{Fx,Fy), (/,)„eG ^ $^ i^(/a) ■ 0a,., and 

are isomorphisms of k-modules for all x,y E C. (In fact, it is enough to require that 
either FiJ or Fx,y is an isomorphism for each x,y G C.) Roughly speaking the definition 
of C := C/^G (resp. C := C/^G) yields by setting all the FxJ (resp. FxJ) to be the 
identities. In this paper we give a "left-right symmetric" construction of the orbit 
category C/G of C by G, which is a direct modification of Gabriel's in [8], and give 
explicit isomorphisms between C/G, C/^G and C/^G (Proposition 2.10). If F has the 
same property but not necessarily a dense functor, then F is called a G-precovering 
functor, which is useful to induce G-covering functors by restricting the target category 
C. Our characterization (Theorem 2.8) of G-covering functors F: C ^ C combines 
the universality among G-invariant functors and an explicit form of F as the canonical 
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functor P: C ^> C/G up to equivalences. We will show that the pushdown (defined as 
in [8]) of a G-covering functor induces a G-precovering functors between categories of 
finitely generated modules (Theorem 4.3) and between homotopy categories of bounded 
complexes of finitely generated projective modules (Theorem 4.4). This property will 
be used to show derived equivalences. 

Free action assumption and a categorical generalization of CM-duality. Now, 

in [6] Cibils and Marcos gave two definitions of orbit categories. The first one (let us 
denote it by C/^G) is defined only if the G-action is free, and the second one is the orbit 
category C /^G stated above, called the skew category, which is defined without the free 
action assumption. These two constructions coincide if the G-action is free. But they 
mainly used C/^G and treated only the free action case in their main discussions in [6, 
sections 3, 4], where they recovered Cohen-Montgomery duality ([7]) in the categorical 
setting (section 3), and described the module category of C by that of C/G, which 
generalizes [10, Theorem 3.2] of Green, and conversely the module category of C/G 
by that of C (section 4). The second purpose of this paper is to show that all the 
corresponding statements in [6, sections 3, 4] hold without the free action assumption. 
Namely, (a) we show by elementary proofs that the orbit category construction and 
the smash product construction are mutual inverses. This gives us a full categorical 
generalization of Cohen-Montgomery duality, and is regarded as a categorical version 
of [5, Theorems 1.3, 2.2] of Beattie. In particular, this gives us a way to make G-actions 
free up to "(weakly) G-equivariant equivalences" (liberalization). Further (b) we will 
show again by elementary proofs that the puUup functor P": Mod(C/G) -^ ModC (see 
section 4 for definition) induces an isomorphism horn. Mod(C/G) to the full subcategory 
Mod C of ModC consisting of "G-invariant modules" (see Definition 6.1), and the 
pushdown functor P: ModC — > Mod(C/G) (see section 4 for definition) induces an 
equivalence from ModC to the subcategory ModG'(C/G) of Mod(C/G) consisting of 
G-graded modules and degree-preserving morphisms (see Definition 6.4). The latter 
gives a generalization of a categorical version of [4, Theorem 2.6] of Beattie. We note 
that the definition of smash products given in [6] is easy to handle and very useful, 
and that we can regard it as a categorical version of the definition of smash products 
by Quinn [17] (when the group is finite), and it enables us to formulate the covering 
construction by Green [10], and recovers the usual smash product of a k-algebra and 
the k-dual of a group algebra. 

Lax action of cyclic group. In [14] Keller defined the orbit category C/^G only 
when G is cyclic. This seems to be mainly because he only needed to construct an 
orbit category by a cyclic group generated by an auto- equivalence S oiC modulo natural 
isomorphisms. As he remarked there, by replacing both C and S* in a standard way 
by a category C and an automorphism S' of C, respectively, we can form the orbit 
category C'/^{S'), which he denoted by C/S by abuse of notation and call it the orbit 
category of C by S. But after that some authors seem to forget this remark (e.g., when 
constructing cluster categories) and simply identified as C = C and S = S', and used 
the same formula for the definition of C/S as if S were an automorphism of C, which 
is not well-defined. The third purpose of this paper is to give a definition of the orbit 
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category C/ S directly by replacing neither C nor S. More precisely, it is known that 
there are at least two standard ways of replacing the pair (C, S). One way is to replace 
C by a full subcategory consisting of a complete list of representatives of isoclasses of 
objects in C. Another way is to replace C by a category containing more objects as done 
in Keller and Vossieck [15]. We realized that the second construction has a form C/^^^Z 
of the smash product of a Z-graded category C/s (called the "colimit orbit category" of 
C by S) and the group Z. Applying the generalization of Cohen-Montgomery duality 
above we see that the orbit category C/S is justified by using the colimit orbit category 
C/s- When S is an automorphism, of course we have C/s = C/ (S). 

Computation by quivers with relations. Finally, we give a way to compute the 
first orbit category C/^G using a quiver with relations to apply theorems in preceding 
sections. We generalized it to the monoid case to include a computation of preprojective 
algebras, with a hope to have wider applications. 

Contents. The paper is organized as follows. In section 1, we give a definition of 
G-covering functors as G-invariant functors with some isomorphism conditions. In 
section 2, we construct orbit categories and canonical functors. Using their universality 
we prove Theorem 2.8, which will be used to prove the fundamental theorem of a 
covering technique for derived equivalence (Theorem 4.7) in section 4. In section 3, 
we introduce skew group categories in a general setting as done in the finite group 
case by Reiten and Riedtmann [18]. In section 4, we develop a covering technique for 
derived equivalence in our general setting. In section 5, we prove results in [6, section 
3] without the assumption that the G- action is free. In section 6, we prove the results 
in [6] (Theorems 4.3 and 4.5) without this free action assumption. In section 7, we 
justify the orbit category construction of a category by a cyclic group generated by 
an auto-equivalence modulo natural isomorphisms by introducing a notion of a colimit 
orbit category. In section 8, we give a way to compute the first orbit category C/-^G 
using a quiver with relations. In section 9, we give some examples to illustrate the 
contents in previous sections, and include a way to construct a self-injective algebra 
having a permutation a as its Nakayama permutation for any given a, which answers 
a question posed by Oshiro. 

In the sequel, the notation 6a,j3 stands for the Kronecker delta, namely it has the 
value 1 ii a = f3, and the value otherwise. By C c::^ C (resp. C = C) we denote the 
fact that C and C are equivalent (resp. isomorphic). 



1. Covering functors 
Throughout this section F: C ^ C is a functor with C a G-category. 

Definition 1.1. An invariance adjuster of F is a family := {(l)a)aeG of natural 
isomorphisms 0^ : F ^ FA^ {a G G) such that 

(1) 01 = If] (in fact, this is superfiuous, see Remark 1.2) and 
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(2) The following diagram is commutative for each a, [3 ^ G: 



FA^ 



4>l3o 

FAp^ = FAf^A^, 



and the pair {F,(j)) is called a (right) G-invariant iunctor. 

For G-invariant functors [F, </)): C ^ C and [F', </)'): C ^ C , a morphism {F, 0) — > 
{F', 0') is a natural transformation rj: F ^ F' such that for each a E G the following 
diagram commutes: 

F -^ FA^ 

F' > F'A^. 

Remark 1.2. Assume that := (0a)agG in the definition satisfies the condition (2), 
and let a; G C and a G G. Then since (pi^x '■= 4>iX is an isomorphism, the equalities 
(pi,x(pi,x = (pi,x and (pa,x(t>a~\ax = <Pi,x show the following: 



n,x — ^Fx-, ana ip — ipa-'^,ax 



Ipx, and (p^^^ 
Namely, the condition (1) automatically follows from (2). 

Notation 1.3. All G-invariant functors C ^ C and all morphisms between them form 
a category, which we denote by Inv(C,C'). 

Lemma 1.4. Let F = {F,(f)) be a G-invariant functor, and H: C -^ C" a functor. 
Then {HF,H(j)): C -^ C" is a G-invariant functor, where H(f) := {H(f)a)aeG- 

Proof. Straightforward. D 

Notation 1.5. Let F = {F,(f)) be a G-invariant functor, and let x,y E C. Then we 
define homomorphisms Fx,{, and Fx,y of k-modules as follows: 



^i!^ ^C{ax,y)-^C\Fx,Fy), (/.).eG ^ $^ WJ • 0.,.; 

/3eG p&G 

Proposition 1.6. Let F = {F,(f)) be a G-invariant functor, and let x,y E C. Then 
Fx,y is an isomorphism if and only if FxJ is. 
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Proof. This follows from the following commutative diagram 



^^^^Ciax,y)^^^C'{Fx,Fy) 



©aeG C(a:, ay) -^^ C'{Fx, Fy), 

i'x,y 

where t is defined by t{{fa)aeG) '■= {fa-'^)a€G, which is clearly an isomorphism of 
k-modules. D 



(1) 



Definition 1.7. Let F = {F,(f)) be a G-invariant functor. Then 

(1) F = (F, 0) is called a G-precovering if for any x,y E C the k-homomorphism Fx 
is an isomorphism (equivalently, if FxJ is an isomorphism). 

(2) F = {F, 0) is called a G- covering if F is a G-precovering and F is dense, in the 
sense that for any x' G C there exists an x G C such that x' is isomorphic to Fx in C. 

2. Orbit categories 

Definition 2.1. The orbit category C/G of C by G is defined as follows. 

(1) The class of objects of C/G is equal to that of C. 

(2) For each x,y E C/G we set 

{C/G){x,y):={U'{x,y)f, 
where 
I['{x,y) := {/ = {fi3,a)(a,t3) ^ TT C{ax, (3y) \ f is row finite and column finite}, 

(a,/3)eGxG 

and (-)'^ stands for the set of G-invariant elements, namely 

{U'{x,y)f := {(//3,a){a,/3) € n'(a;,|/) | V7 G GJ^f^^^a = 7(//3,a)}- 

In the above, / is said to be row finite (resp. column finite) if for any a E G the set 
{PeG\ f^,p ^ 0} (resp. {I3eG\ U,a ^ 0}) is finite. 

z in C/G we set 



(3) For any composable morphisms x — > y — 



9f ■= I ^913,-1 ■ f^,a j 
\7GG / 



E{C/G){x,z). 



{a,l3)eGxG 



Remark 2.2. (1) Usually one sets obj(C/G) := {Gx \ x E obj(C)}, where Gx := {ax \ 
a E G} for all x E C. But this makes a trouble when G-action is not free. This was 
changed as in (1) above, which enabled us to remove the classical assumption that the 
G-action is free. 
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(2) As in (2) above, by considering only row finite and column finite matrices we 
could remove the classical assumption that the G-action is locally bounded. But if we 
further require the condition that the Hom-spaces (C/G) {x, y) are finitely generated 
k-modules, we need this locally bounded action assumption again. 

Proposition 2.3. C/G is a (k-linear) category. 

Proof. For each a; G C the identity Ix in C/G is given by 

Ix = {Sa,l3^ax)a,l3eG- (2.1) 

The rest is easy to verify and is left to the reader. D 

Definition 2.4. The canonical functor P: C ^ C/G is defined by P{x) := x, and 
P{f) ■= (^a,/3tt/)(a,/3) for all x,y eC and all / G C{x,y). 

Definition 2.5. For each jj, E G and each x G C define (j)^^^ '■= {.^ol,|3^l'^ctx)(a,f3) ^ 
{C/G){Px,Pfix), and set 4>^ := {(t>^,x)x£C- P ~^ PA^. Then := (0/,)^gG' is an 
invariance adjuster of P, and hence P = {P, 0) is a G-invariant functor. 

Proposition 2.6. P = (P, 0) : C — > C/G has the following properties. 

(1) P = (P, 0) is a G -covering functor; 

(2) P = (P, 0) is universal among G-invariant functors from C, namely, for each G- 
invariant functor E = {E,iIj): C ^ C , there exist a unique {up to isomorphism) 
functor H: C/G -^ C such that {E^ip) = {HP,H(f)) as G-invariant functors; 
and 

(3) P = (P, 0) is strictly universal among G-invariant functors from C, namely, 
for each G-invariant functor E = {E^ip): C — > C , there exist a {really) unique 
functor H: C/G -^ C such that {E, ^) = {HP, Hep). 

Proof. (1) By definition P is dense. Let x,y eC. We have only to show that 

P«: ^C{ax,y)^{C/G){x,y) 

a£G 

is an isomorphism of k-modules. By definitions of P and a direct calculation shows 
that 

^S((/.).) = (/i(/,-u))(A,,) (2.2) 

for all / = {fa)a £ ®aeG^('^-^'y)- ^'^^ define a k-homomorphism 



SW..{C/G){x,y)^^C{ax,y) 



a&G 



by Sx,y{{fi3,a){a,t3)) '■= {fi,a)a, which is easily seen to be the inverse of PxJ by using the 
equality (2.2), and hence PxJ is an isomorphism. 

(2) and (3) Let E = {E, -0) : C — > C be a G-invariant functor. Define a functor 
H: C/G — > C as follows. For each x,y E C/G and each / = {f/3^a){a,/3) ^ {C/G){x,y), 
let H{x) := E{x) and H{f) := (Eg^S)(/) = EaeG^(/i,")^«,- Then we have a 
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commutative diagram 



r(l) 



C'{Ex,Ey) 



3(1) 



H 



{C/G){x,y). 



We show that iJ is a functor. First for each x G C/G, using (2.1) and the definition of H, 

a direct calculation shows that H{lx) = E{lx). Next, let x — > y — > z be composable 
morphisms in C/G. Then using the naturality of ipf^ {(3 G G) and the fact that ip is 
an invariance adjuster, we have H{g)H{f) = Y.a,f3&G^i9i,p)E{fp,pa)i)0a,x, the right 
hand side of which is easily seen to be equal to H{gf). Therefore H{gf) = H{g)H{f). 
Further, the k-linearity of H is clear from definition, and hence if is a functor. 

Next let a: C{x,y) -^ ^^^(jC{ax,y) be the inclusion (more precisely, it is defined 

(1), 



by o'(/) := (5i,a/)a for all / G C{x,y)). Then as easily seen P = Pxjcr and E 



Ei'la. 

Thus the commutative diagram above shows that E = HP (the equality on objects is 
clear from definitions). Further the definitions of H and also show that H(f) = ip. 
Hence {E^ip) = {HP,H(f)). This shows the existence of H in both (2) and (3). 

Finally, we show the uniqueness of H in the sense of (2). Assume that there is 
a functor H' : C/G -^ C such that {E,iIj) = {H'P,H'(f)). Then there is a natural 
isomorphism rj: E ^ H'P such that for each a E G the following diagram commutes: 



E 
■n 
H'P 



-> 



EA 



a 



H'<Pc. 



VAa 

-^ H'PA„ 



(2.3) 



We have to show that there is a natural isomorphism between H and H' . Now for each 
x G C we have an isomorphism 7],^. : Hx = Ex -^ H'Px = H'x. Using this define a 
family ( of isomorphisms by ( := {r]x)x- Then this gives a desired natural isomorphism 
(: H ^ H'. Indeed, let / := {ff3,a)(a,/3) : x ^ y he in C/G. It is enough to show the 
commutativity of the following diagram: 



Hx 



Vx 



HiJ) 



Hy 



Vy 



H'x 

H'if) 

H'y 



(2.4) 



First, for each a E G the naturality of rj gives us the following: 

VyEih,^) = H'P{j\^^)7]^, 

Next, (2.3) shows the following. 

'laxYa,x ^ \Ya,x)'lx 
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Using these equalities in this order we have 



aeG 



= ^ H'P{fi^a)Vax^a,x 
aeG 

= Y,H'PUi,a)H\<P^,x)r]x 

aeG 

= H\Y,PU\,a)<Pa,x)Vx 
aeG 

= H'{f)vx, 

which shows the commutativity of (2.4). 

The uniqueness of H in the sense of (3) follows from the argument above as a special 
case that rjj. = Ihx for all x G C/G. D 

The following was pointed out by B. Keller as a comment about the proposition 
above, which will be used in section 6 (Theorem 6.2). 

Corollary 2.7. The canonical functor {P,(f)): C -^ C/G is 2-universal among G- 
invariant functors from C , i.e., the induced functor 

{P, 0)* : Fun(C/G', C) -^ Inv(C, C) 

is an isomorphism of categories for all categories C , where Fnn{C/G,C') is the category 
of functors from C/G to C . 

Proof. By Proposition 2.6(3), {P,(j))* is bijective on objects. Since P: C ^ C/G is 
dense, (P, 0)* is fully faithful by a general theory. D 

G-covering functors are characterized as follows (cf. the definition of Galois covering 
in [8].) 

Theorem 2.8. Let F = {F,ip) be a G -invariant functor. Then the following are 
equivalent. 

(1) F = {F,iIj) is a G-covering; 

(2) F = [F, ijj) is a G-precovering that is universal among G-precoverings from C; 

(3) F = {F, i/j) is universal among G-invariant functors from C; 

(4) There exist an equivalence H: C/G -^ C such that {F^ip) = {HP,H(f)) as G- 
invariant functors; and 

(5) There exist an equivalence H: C/G -^ C such that {F,iIj) = {HP,H(f)). 

Proof. (1) <^ (4). If the statement (1) holds, then the following holds by Proposi- 
tion 2.6(2): 

(*) There exist a functor H: C/G -^ C and an isomorphism rj: {F,iIj) -^ {HP,H(f)) 
of G-invariant functors. 
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This also follows from the statement (4) trivially. Hence to show the equivalence of 
(1) and (4), it is enough to show that F is a G-covering if and only if H is an equivalence 
in the setting of (*). More precisely we show that (a) F is dense if and only if so is 
H\ and (b) F is a G-precovering if and only if H is fully faithful. Let x G C . For each 
y G obj(C) = obj(C/G) we have an isomorphism rjy: Fy -^ HPy = Hy in C . Hence 
X = Fy if and only if x = Hy. This shows the statement (a). Now let x,y & C and 
{fa)a £ ©agG^('-'^^'^)- Then we have a commutative diagram 

> Fy 



Fx 



HPx 



Fax 



HPax 



ny 



which yields the following commutative diagram: 



HPy, 



^^^(.C{ax,y) 



3(1) 



r(i) 



C'{Fx, Fy) 



Vy{-)nx 



C/G{x,y) 



Hx 



C'{Hx,Hy), 



where H^^y is the restriction of H to C/G{x,y). Since the horizontal maps are isomor- 
phisms, the commutativity of this diagram shows that FxJ is an isomorphism if and 
only if H^y is. Hence (b) holds. 

(2) <^ (4) Note that P = {P, 0) is also a G-precovering. Since all G-precoverings 
from C are G-invariant functors from C, P has the universal property also among 
G-precoverings from C, by which this equivalence is obvious. 

(3) -v^ (4). Since P = {P,4>) is also universal among G-invariant functors from C, 
this equivalence is obvious. 

(5) ^ (4). The imphcation "(5) => (4)" is trivial. If (4) holds, then (1) holds and 
by Proposition 2.6(3) we have a functor H: C/G -^ C such that {F,iIj) = {HP,H(f)). 
This H is an equivalence by the argument above. D 

The author learned the following construction from Keller [14]. 

Definition 2.9 (Cibils-Marcos, Keller). (1) An orbit category C/^G is defined as fol- 
lows. 

.obj(CAG):=obj(C); 

• Vx,|/ G G, C/^G{x,y) := 0^g^C(ax, y); and 

• For a; — > y ^^ z in C/,G, gf := (J2a,fSeG;(ia=t,9(3 ■ P{fa))^eG- 
(2) Similarly another orbit category C/2G is defined as follows. 

.obj(C/,G):=obj(C); 

• \/x,y e G, {C/^G){x,y) := 0^g^C(x,/9|/); and 
/ 9 



• For X 
Note that C/,G 



y—^zin Cjfi, gf := (Ea,/3eG;a/3=M"(^/3) • fc,),^GG■ 

(C°PAG)°P. 
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Proposition 2.10. We have isomorphisms of categories 

C/^G^C/G^C/^G. 

Proof. The isomorphisms S^-^^ : C/G -^ C-LG and S**^^-* : C/G -^ C/2G are given by 
identities on objects, and on morphisms by 

gm c.(2) 

C/^G{x, y) -^ C/G{x, y) -^ C/M^, y) 

for all x,y E C, where Sx,y, Sx,y are defined by 

{fl,a)aeG -* 1 (yfl3,a){a,l3)eGxG I ^ (//3,l)/3eG 

for all {fi3,a){a,i3)€GxG ^ C/G{x,y). It is easy to verify that S'*-^-' and S'*-^-' are functors. 
As in the proof of Proposition 2.6(1), Sx,y has the inverse Px,y for i = 1 and 2, and 
hence S**-^-* and S**-^-* are isomorphisms of categories. D 

Example 2.11. Let R be an algebra, and G < Aut(-R). Regard i? as a category 
with only one object. Then R/G = R/-^G = R* G (skew group algebra). Indeed, an 
isomorphism R/^G — ^ R*G is given by {fa)a ^-^ Yla /« * '^5 ^^^ ^^^ multiplication rule 
gp- fa = gp- Pi fa) in R/^G corresponds to the rule {gfs * (3){fa * a) = gp ■ (3{fa) * (3a 
'm. R* G for all a, /5 G G and /«, gp G R. 

Remark 2.12. Even when G is a monoid, the two orbit categories C/^G and C/,fi are 
defined although the orbit category C/G is not well-defined in general. But in that 
case these are not isomorphic to each other in general. For instance, let G be the 
monoid {a\ a^ = a) and C := k[x]/(x^) with a G-action defined by a{a + bx) := a 
for all a, 6 G k, where k is a field and x := x + {x'^)- Then C/G is not well-defined 
but C/-^G, C/^G are defined and have the forms C/^G = k{x,y)/{x'^,y'^ — y,yx) and 
C/,^G = k{x , y) / {x"^ , y'^ — y,xy). A direct calculation shows that C/^G ^ C/,fi. 

Remark 2.13. Cibils and Marcos [6] call C/^G the skew category and denote it by C[G], 
and they have the same opinion that this (or its basic category, see Definition 3.5) can 
be considered as a substitute for the orbit category in the case that G-action on C is 
not free. (Cf. Remark 3.7.) 

3. Skew group categories 

The following construction is well-known (see [9] for instance). 

Definition 3.1. The split idempotent completion of a category C is the category sic(C) 
defined as follows. Objects of sic(C) are the pairs (x, e) with x E C and e^ = e G C(x, x). 
For two objects (a;, e), (a;', e') of sic(C), the set of morphisms from (x, e) to (a;',e') is 
given by sic(C)((a;, e), (x', e')) := {/ G C(x,x') | / = e'/e}, and the composition is 
given by that of C. 

Remark 3.2. It is obvious that all idempotents in sic(C) split, and that the canonical 
embedding ac : C — *> sic(C) sending each morphism / : x — > y in C to / : (x, l^^) — » (y, \) 
is universal among functors from C to a category with all idempotents split. 
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Definition 3.3. Contravariant functors from C to the category Modk of k-modules are 
called (right) C-modules. The class of them together with the natural transformations 
between them forms a category, which is denoted by ModC. 

Proposition 3.4. The canonical embedding ac'- C ^ sic(C) induces an equivalence of 
module categories a: Mod sic (C) -^ ModC. Thus C and sic(C) are Morita equivalent. 

Proof. A quasi-inverse r : Mod C -^ Mod sic(C) of cr is given as follows. Let A : M -^ M' 
be in ModC. For each (x, e) G sic(C) with x E C and e = e^ G C{x,x), (rM)(a;, e) : = 
ImM(e) (< M{x)); and (rA)(^_e) '■= ^x\iraM{e), the restriction of A^. It is easy to see 
that these are well-defined and that r is a quasi-inverse of a. D 

Definition 3.5. A full subcategory C of a category C is called a basic category of C if 
the objects of C form a complete set of representatives of isoclasses of objects of C. In 
this case it is obvious that the canonical embedding C — *> C is an equivalence, and hence 
basic categories of C are pairwise isomorphic. We take one of them and denote it by 
bas(C). We also choose a quasi-inverse of the canonical embedding 6bas(c) '■ bas(C) -^ C 
and denote it by pc : C — > bas(C). 

Definition 3.6. Assume that a group G acts on a category C. Then the category 
C * G := bas(sic(C/G')) is called a skew group category of C by G. We denote the 

composite of the functors C — > C/G > sic{C/G) -^ > C * G also by P. Note 

that C/G and C * G are Morita equivalent by Proposition 3.4. 

Remark 3.7. The name "skew group category" came from the fact described in Example 
2.11. When G is a finite group the definition above coincides with that given in Reiten- 
Riedtmann [18]. (Cf. Remark 2.13.) 

Remark 3.8. We make the following remark on auto-equivalences. Consider the case 
that the G-action on C is given by auto-equivalences of C modulo natural isomorphisms: 

G^Aeq(C)/^. 

An important example is given by the construction of cluster categories, where G is 
cyclic. When G is cyclic, say G = (F) with F G Aeq(C)/= and F & F, the orbit 
category C/F := C/{F) of C by (F) can be defined by setting C/F := bas(C)/(F'), 
where F' := pc°-^°'-bas(c) is an isomorphism of bas(C) (see Definition 3.5 for notations). 
But if G is not cyclic, then this standard construction does not work in general. An 
alternative construction will be given later (see section 7). 

Here we give a definition of skew monoid categories (or algebras) by generalizing the 
notion of skew group categories. Recall that a category C defines the corresponding 
algebra ©C by 

©C:= 0C(x,|/), (3.1) 

x,yeC 

where elements / of the right hand side is regarded as matrices / = {fy,x)x,y£C and the 
multiplication is given by the usual matrix multiplication. 
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Definition 3.9. Let C be a category and G a monoid acting on C. Here we assume 
that tlie G-action on C is given by an injective liomomorpliism G ^^ End(C), wliere 
End(C) := {/: C ^ C I / is a functor}, fn the case that G contains 0, we add the zero 
object into C and we allow that f{x) = for some / G End(C) and x ^ C. We define 
a skew monoid category C *G hj 

C*G:=h8.s{sic{C/,G)). 

A skew monoid algebra (©C) * G is defined by 

(©C) * G := ©(C * G) = ©bas(sic(CAG')). 

4. Pushdown functors and derived equivalences 

Definition 4.1. Let i? be a category. 

(1) The full subcategory of Modi? consisting of projective objects is denoted by 
Prj R. Note that an i?-module X is projective if and only if X is isomorphic to 
a direct sum of representable functors R{-,x) {x & R). 

(2) An i?-module X G Modi? is called finitely generated if there exists an epimor- 
phism from a finite direct sum of representable functors to X. Note that X 
is a finitely generated projective i?-module if and only if X is isomorphic to a 
finite direct sum of representable functors. The full subcategory of Prj R con- 
sisting of finitely generated projective i?-modules is denoted by prj R. The full 
subcategory of Mod R consisting of finitely generated i?-modules is denoted by 
modi?. 

(3) The homotopy category of Prj i? is denoted by /C(Prj i?) and the full subcategory 
of /C(Prj i?) consisting of bounded complexes of finitely generated projectives is 
denoted by /C^(prj R). 

Definition 4.2. Let G be a group acting on a category R, and P: R ^ R/G the 
canonical functor. 

(1) The functor P- : Mod i?/G -^ Modi? defined by P'M := M o P for all M G 
Mod i?/G is called the pullup of P. The pullup functor P' has a left adjoint 
P : Mod i? -^ Mod R/G, which is called the pushdown of P. Note that we have 
P.R{-, x) = R/G{-, Px) for all x E R. This together with the right exactness of 
P, shows that P, induces a functor P.: modP -^ raod R/G. 

(2) The pullup P" and the pushdown P. induce functors P" : /C(Prj R/G) -^ /C(Prj R) 
and P.: Ar(Prj R) -^ /C(Prj R/G), respectively, which also form an adjoint pair 
P.^P-. Note that P also induces a functor P.: /C^(prj R) -^ /C''(prj R/G). 

(3) Each a E G defines an automorphism of ModP by setting "X := X o Af^-i 
for all X G Mod R, by which the G-action on R induces a G-action on Mod R. 
Note that "P(-,x) = R{a~^{-),x) = R{-,ax) for all x e R. 

The G-action on ModP canonically induces that on /C(Prj R) and on /C^(prj R). 
Namely, for each complex X := (X*,(i*)ig2 and a G G set "X := ("X*,"(i*)jg2. 

Theorem 4.3. Let R he a category, G a group acting on R, and P: R —^ R/G the 

canonical G-covering. Then the pushdown functor P.: modP — > mod R/G is a G- 
precovering. 
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Proof. First of all we give the precise form of the pushdown P, = (P., 0.) as a G-invariant 
functor. 

Definition of P,: 

On objects: For each X G Modi? the module P.X G Mod R/G is defined as follows: 

For each x G ohi{R/G) = obj(i?), {PX){x) := ^^^^X{ax); 

for each f-.x-^yin R/G with / = {f(i,a)a,t3€G e {R/G){x,y) C Ua,pGG^('^^^ (^v)^ 
{P,X){f) is defined by the commutative diagram 






(P.xKf) 



{PX){x) 



(4.1) 



On morphisms: For each morphism u: X ^ X' in Mod R, the morphism P,u : PX -^ 
PX' is defined as follows: P,u := {{P.u)x)xeohi{R/G), where for each x G obj(i?/G), 
{P.u)x is defined by the commutative diagram 



{P.X){x) 



iP.X')ix) 



(4.2) 



^aecXi 



ax] 







qGG 



X'(ax). 



7c.eG ' 



Then for each / : x 



y in R/G as above we have a commutative diagram 



e,,GX'{(3y) 



0. 



eG 



X(ax) 



yaea ' 



e,,^X'(ax), 



(^'(/;3.c));3.c 

which shows that P.-u is a morphism in Mod R/G. This defines a functor P. : Mod P — > 
Mod R/G. Then P is a left adjoint to the pullup P": Mod R/G -^ Mod P. Indeed, for 
each X G ModP and Y G ModP/G the adjunction 

ex,Y: IlomR/G{PX,Y) ^EomniX, P-Y) 

is given by {dxyt)^ := t^,i: X(x) -^ Y{x) = Y{Px) = {P-Y){x) for each x G obj(P) = 
obj(P/G) andt G B.omii/G{P.X,Y) witht = (ta;)a;gR/G andt^; = (t^,a)aeG- 0aGG^('^^) 
— ^ ^(x); and its inverse 

e],]y : Hom^(X, P-Y) ^ Hom^/G(PX, F) 

is given by {6x\f)x ■= (Y{(f)a,x)fax)a&G for each / G Hom/j(X, P-F) and a; G P/G. 

Here, note that by construction {P'P,X){x) = ^^^^X^ax) = (0^,^(7" X){x) — 
(0aeG °'X){x) for all X G ModP and x E R, which yields the canonical isomorphism: 



P-P^X = "X. 



aeG 
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Definition of (p.: 

For each fi E G define a morphism 0.^: P. ^> P.o ^{-) by 0.^ := (0.^,x)xeMod_R, 
where for each X G Mod-R, the morphism 0.^,x is given by 0.^,x := {(p.fi,x,x)xeR and 
by the commutative diagram 

{PX){x) ^^^^^^ {PX''X)){x) 



for each x E R. Then 0.^ turns out to be a natural isomorphism for each fi E G, and 
the family 0. := (0.^)^gG is easily verified to be an invariance adjuster. Thus the pair 
P, = (P., 0.) is a G-invariant functor. 

For each X,Y E modi? using the description of (P., 0.) above, it is not hard to check 
the commutativity of the following diagram with canonical maps: 

e,,^(modP)(X,"F) -^ (ModP)(X,e,,^-r) 

p(2) 
. X,Y 

{mod R/G){P.X,P.Y) -^^ (Mod P) (X, P-P.F), 
which shows that P = (P., 0.) is a G-precovering. D 

Theorem 4.4. Let R be a category, G a group acting on R, and P: R ^ R/G the 

canonical G-covering. Then the pushdown functor P : /C^(prj R) -^ /C^(prj R/G) is a 
G-precovering. 

Proof. Let X,Y E /C^(prj R). Then since X is compact, the canonical homomorphism 
0„gg/C^(prjP)(X,°F) -^ /C(PrjP)(X,0^gg°F) is an isomorphism. The descrip- 
tion of P. = (P., 0.) above canonically yields that of the pushdown functor between 
homotopy categories. Then the commutativity of the diagram 

e,,^/C^(prjP)(X,-F) -^ /C(PrjP)(X,e„,e-F) 

p(2) 
. X,Y 

IC^ipii R/G){PX,PY) -^^ /C(PrjP)(X, P-PF) 

with canonical maps follows from that of the diagram in the proof of the previous 
theorem, and the theorem is proved. D 

To state the next result we need some terminologies. 

Definition 4.5. Let P be a category and G a group. 

(1) A full subcategory E of /C*^(prj R) is called a tilting subcategory for R if it has 
the following properties: 

(a) /C'^(prj R){U, V{i]) = for all U,V E E and for all i ^ 0; 

(b) R{-,x) E thick P for all x E R, where thick P is the thick subcategory 
generated by E, i.e., the smallest full triangulated subcategory of /C^(prj R) 
containing E closed under isomorphisms and direct summands. 
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(2) Assume that R has a G-action. A tilting subcategory E of /C'^(prj R) is called 
G-staUe ii '^U e E for all U e E and aeG. 

(3) Two categories R and S are said to be derived equivalent if the derived categories 
D(Mod-R) and ©(Mods') are equivalent as triangulated categories. 

To apply the following theorem we assume throughout the rest of this section except 
for Definition 4.8, Remark 4.9 and Lemma 4.10 that the categories R in consideration 
are small and k-flat, in the sense that R{x, y) is a flat k-module for each x,y G R. 
(When i? is a differential graded category as in [13], the definition of k-fiatness should 
be slightly changed, but in the usual category case the definition above works.) 

By Rickard [19] and Keller [13, 9.2, Corollary] the following is known. 

Theorem 4.6. Two categories R and S are derived equivalent if and only if there 
exists a tilting subcategory E for R such that E is equivalent to S . 

The following is a fundamental theorem of covering technique for derived equivalence. 

Theorem 4.7. Let G he a group and R a category with a G-action {not necessarily 
a free action). Assume that there exists a G-stable tilting subcategory E for R. Then 
R/G and E/G are derived equivalent. 

Proof. Set E' to be the full subcategory of /C^(prj R/G) consisting of the objects P.U 
with U E E. By Theorem 4.6 we have only to show that E' is a tilting subcategory for 
R/G and that E' is equivalent to E/G. Now for each U,V E E and for each integer 
i ^ Theorem 4.4 shows that /C^(prj R/G) {P.U, P.V[i]) = 0^^^ /C'^(prj i?)("f/, V[i]) = 
because "f/ G E. Next for each x G R/G we have {R/G){-,x) = P.{R{-,x)) G 
P (thick i?) C thick £^'. Therefore E' is a tilting subcategory for R/G. Finally, since 
the restriction of P.: /C'^(prj R) -^ /C^(prj R/G) to E induces a G-precovering E ^> E' 
that is dense, E' is equivalent to E/G by Theorem 2.8. D 

Definition 4.8. Let C,C' be categories with G-actions and F : C -^ C a functor. 
Then an equivariance adjuster of F is a family p = {pa)a£G of natural isomorphisms 
Pa '■ AaF -^ FAa (« G G) such that the following diagram commutes for each a.j3 & G 

Af,aF = ApAaF ^^ . Af,FAa 




FArA 



/3^a, 



and the pair (F, p) is called a {weakly) G-equivariant functor. In particular, F is called 
a strictly G-equivariant functor if the pa above can be taken to be the identity, i.e., if 
A^F = FAa for all aeG. 

Remark 4.9. In the setting of Definition 4.8 let P = {P, (p): C —^ C /G be the canonical 
G-covering functor. For each a G G define a natural isomorphism 0^ : PF -^ PFAa 

by 

0', := {Ppa) o (0„F) : PF ^ PA^F ^ PFA^, 
and set 0' := {(j)'a)a&G- Then a direct calculation shows that 0' is an invariance adjuster 
if and only if p is an equivariance adjuster. 
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Lemma 4.10. Let C,C' be eategories with G-actions, and {F,p): C ^ C a {weakly) 
G-equivariant equivalence. Then C/G and C jG are equivalent. 

Proof. Let P = (P, 0) : C ^ C'/G be the canonical G-covering functor. Define a family 
0' = {(f)'^)a<=G of natural isomorphisms 0^: PF -^ PFA^ (a G G) as in Remark 4.9 
above. Then as stated there 0' is an invariance adjuster and the pair {PF, 0') becomes 
a G-invariant functor C -^ C'/G. We show that it is a G-covering functor. First, since 
F is an equivalence, PF is dense. Next, by the definition of 0' we have the following 
commutative diagram: 

0,,^ C{ax, y) '—^ ^ C'/G{PFx, PFy) 



^aeG Pax,y 



d(1) 
Fx,Fy 



0„^^ C'{Fax, Fy) ^ 0„^^ C'{aFx, Fy), 

where the vertical morphisms and the bottom morphism are isomorphisms by assump- 
tions, which shows that {PF, 0') is a G-precovering. Thus {PF, 0') turns out to be a 
G-covering. Hence C/G and C'/G are equivalent by Theorem 2.8. D 

In applications of this section we usually deal with the case that E = C and S = C 
are basic categories and -0 = F is a strictly G-equivariant isomorphism between them. 
The notion of weakly G-equivariant functors plays an essential role in section 5. 

Theorem 4.11. Let G be a group and R, S categories with G-actions {not necessarily 
free actions). Assume that there exists a G-stable tilting subcategory E for R and a 
weakly G-equivariant equivalence E ^ S . Then R/G and S/G are derived equivalent. 

Proof. This follows from Theorem 4.7 and Lemma 4.10. D 

This together with the remark in Definition 3.6 shows the following. 

Corollary 4.12. Let G be a group and R, S categories with G-actions {not necessarily 
free actions). Assume that there exists a G-stable tilting subcategory E for R and a 
weakly G-equivariant equivalence E ^ S . Then R*G and S *G are derived equivalent. 

5. Smash products and orbit categories 

In this section we generalize a result in [6] giving a relationship between smash 
products and orbit categories, namely we prove it without an assumption that the 
G-action is free. 

We cite the following two definitions from [6]. 

Definition 5.1. (1) A G-graded category is a category B having a family of direct sum 
decompositions 

B{x,y) = ^B'^{x,y) 

aeG 

{x, y E B) oi k-modules such that the composition of morphisms gives the inclusions 
B^{y, z) ■ B'^{x, y) C B^'^{x, z) for all x,y,zeB and a,l3eG. 
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(2) For each / G B{x, y) we set deg f := a ii f E B°'{x,y) for some a E G (obviously 
such an a is uniquely determined by / if it exists). 

(3) A functor H : B -^ B' oi G-graded categories is called degree-preserving if 
H{B'^{x, y)) C B'^'iHx, Hy) for all x, y G i3 and a e G. 

Definition 5.2. Let i3 be a G-graded category. Then the smash product B^G of B 

and G is a category defined as follows: 

• obj(-B#G) := obj(i3) X G (we set a;(") := {x,a) for all {x,a) G obj(i3#G)); 

• (i3#G)(x("),i/('3)) := B'^''''{x,y) for each a;("),i/(^) G obj(i3#G); and 

• The composition 

(S#G)(i/('3),^(^)) X (S#G)(x("),i/('3)) ^ (i3#G)(x("),zW) 

is given by the composition 

B''''^{y,z) X B'^''''{x,y) -^ B^''''{x,z) 

of B for each a;("), y^^^), z^^) G obj(i3#G). 

Remark 5.3. When i3 = i? is a graded algebra, i.e., a graded category with only one 
object, with a direct sum decomposition R = 0^^^^/?", the algebra corresponding to 
the category R^G is given by 

(o,/3)gGxG 

with the usual matrix multiplication (see the formula (3.1)). When G is a finite group, 
this coincides with the smash product construction given by Quinn [17]. 

Lemma 5.4. Let C be a category with a G-action. Then C/G is G-graded. 

Proof. Let P: C ^ C/G be the canonical G-covering functor. For each x,y E obj(C) = 
obj(C/G) we have an isomorphism PxJ : ^^eG ^{(^^i v) "^ i(^/G){Px, Py) having ax,y 
as the inverse. Therefore by setting {C/G)'^{x,y) := PxJ{C{ax,y)) for all a E G, 
we have {C/G){x,y) = 0QgG'(C/G)"(a;, |/). As easily seen C/G together with these 
decompositions turns out to be a G-graded category. D 

Remark 5.5. In the lemma above, let /3 G G and / G C/G{Py, Px) with x,y E C. Then 
/ G {C/G)^{Py, Px) (i.e. deg / = /5) if and only if /^,a = S^-^x,pU,x for all A, /i G G. 
Indeed, 

/ G {C/G)P{Py,Px) ^^ a«(/) = {h,x)x^G G C{(3y,x) C ^C{Xy,x) 

AgG 

^^ VA G G, /i,A = Sx,i3fi,x 

-^^ y\,fl G G, /^,A = /i(/l,^-iA) = /^(^^-ia,/3/i,^-ia) = 5^l-^\,|3f^l^■ 

U 

A statement similar to the following is stated in [6, Proposition 3.2]. We give a proof 
that does not use their orbit category C/^.G. (Since by our definition obj(C/G) = obj(C) 
for a category C with a G-action, we cannot state that {B4^G)/G is isomorphic to B 
in general.) 
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Proposition 5.6. Let B be a G-graded category. Then the smash product B^^G is 
a category with a free G-action, and there is a degree-preserving equivalence B -^ 
{Bj^G)/G of G-graded categories. 

Proof. First we give a G-action on B^G. 

On objects: fix^"''' := x*^^"-* for each fi E G and each x^°''^ E ohj{B^G); 

On morphisms: fif := f for each fi E G and each / E (B^^G) {x^°'\ y^'^^) = 
Bl^'^"{x,y) = {Bi^G)ifix^''\fiy^^^) with x^''\y^^^ E obj(i3#G). 

Then it is easy to verify that the action of each ^ E G defined above is an automor- 
phism of the category B^^G and that this defines a G-action on Bj^G. This G-action 
is free because /ix*^"-* = x*^"-* imphes iia = a and /i = 1. With this free G-action we 
consider {B4^G)/G. 

Let {P,(f)): B^^G -^ {Bjj^G)/G be the canonical G-covering functor. We define a 
functor ujb'- B ^> {Bij^G)/G as follows. 

On objects: uj^x := P{x'^^'>) for each x E B; and 

On morphisms: u;^/ := P\l^ mif) f^r all x,y E B and / E B{x,y). Using the 
definition of G-action on B^G, it is easy to verify that ujq is a functor. Since the 
isomorphism P% y<^i^ sends B{x,y) = ^^^^B"{x,y) = 0^g^(i3#G)(x("),|/(^)) = 

e„,e(S#G)(aa;«,l/«) onto ((S#G)/G)(P(x«), P(y«)) = ((S#G)/G)Kx,a;Hl/), 
and each i3"(a;, y) onto {{Bi^G)/G)°'{uBX, ujbv), ojb is fully faithful and degree-preserving. 
Finally, for each P(a;(°)) E obj((-B#G)/G) (with x^") E B^^G), we have P(x(")) = 
P{ax^^^) = P{x^^^) = ujqx in (Bi^G)/G. Thus cjg is dense. As a consequence, cob is a 
degree-preserving equivalence of G-graded categories. D 

Definition 5.7. Let i3 be a G-graded category. Then we define a functor Q : B^G -^ B 
as follows. 

On objects: Qx^") := x for all x^") E Bj^G. 

On morphisms: Qf := f for all / E (i3#G)(x(°),|/(^)) = B^''"{x,y) C B{x,y) and 
forallx(°),y(^) EBi^G. 

Proposition 5.8. Q = QA^ for all a E G and Q = {Q, 1) : B^^G ^> B is a G-covering 
functor, where 1 denotes the invariance adjuster 1 = (Ig : Q -^ QAa)aeG- 

Proof. Straightforward. D 

Remark 5.9. Let (P, 4>) : i3#G -^ {B4j^G)/G be the canonical G-covering functor. Then 
by Proposition 5.8 and Theorem 2.8 we have an equivalence H : {Bjj^G)/G -^ B such 
that (Q, ]1) = {HP,H(f)). But H is not degree-preserving in general. Indeed, we have 

/j(((i3#G)/G)^(x("),i/('^))) C i3'^"'^°(x,i/) 

for all fi EG and x("),i/(^) E {Bi^G)/G. 

The following is a generalization of [6, Theorem 3.8]. 

Theorem 5.10. Let C be a category with a G-action {not necessarily a free action). 
Then there is a (weakly) G-equivariant equivalence C -^ {C/G)i^G. 
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Proof. Let P: C ^ C/G be the canonical G-covering functor. We define a functor 
ec:C^ (C/G) #6" as follows. 

On objects: €cx := x^^^ for each x E C. 

On morphisms: €cf '■= Px,y{f) for each x,y E C and each / G C{x,y). Note that 
Px,y- C{x,y) — > (C/G)^(a;, y) = {{C/G)^G){x'^^\y^^'^) is an isomorphism. As easily 
seen Eq is a functor. By construction it is obvious that Eq is fully faithful. We show 
that Ec is dense. For this it is enough to show that a;*-"-* = {axY^^ in {C/G)4j^G for 
each x*^"-' G obj((C/G)#G) (with a; G obj(C/G),Q; G G) because (ax)*^^^ = Ec{oix). 
Since ((C/G)#G)((aa:)«,a:(-)) = (C/G)""' (ax, x) = P^J:},^C{a-^ax,x) 3 P^alx{tx) = 
4>a-^,axi there is a morphism 4>a-^^ax'- {ctxY^^ -^ x^"^ in {C/G)^G. Further since 
((C/G)#G)(x("),(aa;)(^)) = (C/G) "(x, ax) = Pi2a.C(ax, ax) 9 PiS^^ax) = <Pa,x, we 
have a morphism 4>a,x'- x^°'^ -^ (axY^^ in {C/G)^G. These morphisms (f)a,x and 4'a-'^^ax 
are inverse to each other also in {C/G)^G by Remark 1.2 because as easily seen we 
have 1^(1) = Ipx and t(^ax)W = ^Pax- Hence x*^"^ = (ax)^^) = Ec{ax) in {C/G)^G. As 
a consequence, ec is an equivalence. 

Finally, we make Ec a (weakly) G-equivariant functor. Define a family p = {pa)a£G 
of natural transformations pa'- A^Ec — ^ ^c^a (o^ ^ C?) by p^^x '■= <Pa,x'- chEcx = x^°'^ — > 
(ax)^^^ = Ecdx for all x EC. Then for each a G G, p^ is a natural isomorphism because 
0Q,: P ^ PAa is. To show that p is an equivariance adjuster it is enough to verify 
that pp^ax ■ I^Pa^x = Pi3a,x for each a,l3 E G. Noting that Ppa^x = I3(t>a,x = 0a,x by the 
definition of G-action on {C/G)4^G, we see that this follows from the fact that is an 
invariance adjuster. D 

Remark 5.11. (1) In the above theorem, note that the G-action on the right hand side 
is free, whereas on the left hand side it is not always free. Thus by passing from C to 
{C/G)jj^G we can change any G-action to a free G-action that is (weakly) equivariant 
to the original one. See Example 9.2 for an example of this "liberalization". 

(2) Proposition 5.6 and Theorem 5.10 give a full categorical generalization of Cohen- 
Montgomery duality [7]. 

Definition 5.12. Let P: C ^ i3 be a dense functor. Take a subclass X of obj(C) such 
that P is injective on X and {Fu | m G X} forms a complete set of representatives of 
P(obj(C))/ =. Then for each x G -B there is a unique I^ E T such that there is an 
isomorphism v^ '■ F{Ix) — > x. When x G P(X), we have x = F{Ix) and in this case we 
take Vx '■= ^x- We call the pair (/, u) of such families / := {Ix)xeB and u := {i'x)x&B an 
essential section of P. 

Lemma 5.13. Let F: C ^ B be a G-covering functor. Then since F is dense, there 
is an essential section {1,1^) of F. Using this we set 

(1) frf^.T T w-,,-'^ 



B^{x,y):=UyF\2j{C{ahJy)) 



V, 



X 



for alia E G and all x,y E B. Then this makes B a G-graded category. This G-grading 
of B is called a G-grading induced by P {with respect to (/, v)). 

Proof. Straightforward. D 
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Corollary 5.14. Let F = {F^ip): C ^ B he a G- covering functor and {I^v) an es- 
sential section of F. Regard B as a G-graded category by the G-grading induced by F 
with respect to {I^v)- Then there is a degree-preserving equivalence I' : B ^ C/G of 
G-graded categories such that the diagram 

Ci^ B 



C > C/G 

is commutative up to natural isomorphisms of G -invariant functors. 

Proof. By Theorem 2.8 there exists an equivalence H: C/G -^ B such that {F,iIj) = 
{HP,H(f)). In particular, we have a commutative diagram: 

C^^ B 

H (5.1) 

C > C/G. 

Now define a functor I' : B ^ C/G as follows. 

On objects: I'x := Ix for all x & B. 

On morphisms: /'/ := Hpj^pj (Uy^fux) for all / G B{x,y) and x,y E B, where 
Hpi^^piy-. {C/G){PIx,PIy) -^ B{FIx,FIy) is an isomorphism that is a restriction of 
the equivalence H: C/G -^ B. 

Then as easily seen /' is well-defined as a functor. By the definitions of the grading 
of B and of /' we have r{B'^{x,y)) = {C/GY{rxJ'y) for all x,?/ G -B and a G G. 
Thus /' is a degree-preserving functor. By construction /' is fully faithful. Since H 
is an equivalence, there exists a unique isomorphism ^^ '■ Ifx -^ Px in C/G such that 
H{nx) = T-'Fx for all x E C. In particular, this shows that J' is dense. It is easy to 
see that // := {fix)xec is a natural isomorphism I'F — » P. Moreover it follows from 
the definition of /' and the commutativity of (5.1) that /i: {I'F,I'iIj) -^ {P,4>) is a 
morphism of G-invariant functors. D 

6. Relationship between ModC and Mod C/G 

As before let G be a group and C a category with a G-action. Let P = {P, (f)): C ^ 
C/G be the canonical G-covering functor. In this section we show that the pullup 
functor P' : Mod C/G -^ Mod C induces an equivalence between Mod C/G and the full 
subcategory Mod C of Mod C consisting of "G-invariant modules" (see below for the 
definition), and the pushdown functor P.: ModC — * Mod C/G induces an equivalence 
between ModC and the subcategory Mode C/G of Mod C/G consisting of G-graded 
modules and degree-preserving morphisms (see below for the definitions). Similar re- 
sults were given in [6] (Theorems 4.3 and 4.5) under the assumption that the G-action 
is free. Here we do not assume this condition, and thus our results give generalizations 
of these theorems in [6] . 



22 HIDETO ASASHIBA 

Definition 6.1. A C-module is called G -invariant if it is G-invariant as a contravariant 
functor C -^ Modk. We denote by Mod C the full subcategory of ModC consisting of 
G-invariant C-modules. 

Theorem 6.2. The pullup functor P': ModC/G -^ ModC induces an isomorphism 
ModC/G -^ Mod^C of categories. 

Proof. This follows by applying the contravariant version of Corollary 2.7 to C : = 
Modk. D 

In particular, if C = i? is an algebra we obtain the following. 

Corollary 6.3. Let R be an algebra with a G-action. Then we have an isomorphism 
ModR*G^Mod^R. D 

Definition 6.4. Let i3 be a G-graded category. A G-graded i3-module is a i3-module 
M having a family of direct sum decompositions M{x) = 0^g^M"(a;) {x G B) such 
that M{f){M'^{x)) C AP'^iy) for all f e B^{y,x), x,y e B and (3 e G. Let M, A^ be G- 
graded i3-modules and u: M ^ N a, morphism between them as i3-modules. Then u is 
called degree-preserving iiUxM°'{x) C N'^{x) for all a; G i3 and a E G. The subcategory 
of ModjB consisting of G-graded modules and degree-preserving morphisms between 
them is denoted by Mod^ B. 

Theorem 6.5. The pushdown functor P/. ModC -^ Mod C/G induces an equivalence 
ModC ^ Mode C/G. 

Proof. First we show that P. sends each -u: X -^ X' in ModC into Mod^ C/G. For 
each a; G C we have {PX){Px) = ^^^^X{ax) by (4.1). Using this we set 

{PXy{Px) := X{ax). (6.1) 

Then this makes P.X a G-graded C/G-module. Indeed, for each / = (5^-ia,/3/m,a)(a,^) ^ 
{C/G)^{Py,Px) with x,|/ G C and /5 G G and for each a = ((5^,aa^)^ G '(PX)"(Pa;) 
with a G G, we have 



',,a(^fj,J 



(PX)(/)(a) = (X(Vu,/3^,A))(;.,A)(5;.,.aM)M = E V^^./^^(/m,a)(5m,. 

Vmgg 

= {Sx,apX{f^,^){a^))^ G (PXr^iPy). 

Hence P.X G Mode C/G. Further the diagram (4.2) shows that P.u is degree-preserving, 
and P.u: P.X -^ P.Y is in Mode C/G, as desired. Accordingly, the pushdown functor 
P induces a functor P.: ModC -^ Mode C/G. 

We next show that this functor is fully faithful. The faithfulness is obvious by (4.2). 
To show that this functor is full, let X, F G C and ^ G Mode C/G(PX, P.F). Then 
for each Px G C/G we have gp.^: 0^g^X(aa;) -^ ^^eG ^(a^;), and gp^ = ^^^Qga,x 
for some ga,x'- X{ax) — > Y{ax) in Modk that is uniquely determined by gpx for each 
a E G. Define a morphism f : X -^ Y in ModC by fx := gi,x' X{x) — >■ Y{x) for each 
X eC. 

Claim 1. f is a morphism in ModC. 
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Indeed, it is enough to show the commutativity of the diagram 



X(x) 

X(h) 

X{y) 



-^ Y(x) 

Y{h) 

y{y) 



for all h: X ^ y in C. Noting that {P.X){Ph) = {X{6f3^a<^h))(a,/3) = ©agG"^('-^^)' ^^^^ 
follows from the following commutative diagram expressing that g is in Mode C/G: 



e. 



,X(ax) 



; 9a,x 






e 



aeG 



Yiax) 



Yea9a,y 






Claim 2. Pf = g. 

Indeed, this is equivalent to saying that {P.f)px = gpx for all Px G C/G, i.e., that 
©agG /"a; ~ ©aecfi'a.^- Heuce it is enough to show the following for each x E C and 
a e G: 

9l,ax = 9a,x- (6-2) 

Now since the isomorphism (f)a,x '■ Px -^ Pax in C/G has the form (f)a,x = (5a,^q]1ax)(a,^), 
we have a commutative diagram 



P.X{Px) 



P.X{Pax) 



^xecXiXx) 



0»GG-^(/^"^)- 



Therefore g G ModC/G{P,X,PY) yields a commutative diagram 

®\eG9\,x 



@xeGX{Xx) 



e,,^r(Ax) 



{y{S\,fj.a'i-\x))\,fi 



'j.eG9i^'' 



0MGG-^(/^"^) -^ -^ 0;.GG^(/^"^)- 

By a direct calculation this gives us the equality 

for all A, z/ G C In particular, for v = 1 and A = a we obtain the desired equation 
(6.2). By these claims we see that the functor P.: ModC — > Mode C/G is full. 

Finally, we show that this functor is dense. Let A^ = ©^g^" ^^ ^^ ^'^ Mod^ C/G. 
We define an M G ModC as follows. 

On objects: M(x) := N^{Px) = N^{x) for all x e C. 

On morphisms: M(/) := A^(P/)|^i(^) : N^{x) -^ N^{y) for all / : a; -> y in C. 
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Claim 3. M is well-defined, i.e., N{Pf){N\x)) C N\y) for all f : x ^ y in C. 

Indeed, it is enough to sliow tliat degP/ = 1. But tliis follows from Pf = 

{Sf^,aaf)(a,i3) = ('5/3-ia,i'^/)(a,/3) ^J Remark 5.5. 

Next we show the following, which finishes the proof: 

Claim 4. P.M = N in Modo C/G. 

First note that for each a G G and a; G C we have 

deg (f)a,x = tt 

by Remark 5.5 because 0„,^ = {5x,^a^xx)(x,f^) = {5^,-lx,a^xx)(x,^^)■ Then also deg 0o-i,«^ = 
a~^ and hence the mutually inverse isomorphisms (f)a,x and 0q,-i,ox induce the isomor- 
phism 

Fa,Px ■■= iV(0a,.)Ui(Pax): M{ax) = N\Pax) -^ N'^iPx) 

with the inverse N{(f)a-'^ax)\N°'{Px) in Modk. Using this define an isomorphism Fp^ in 
Modk for each x G C by the commutative diagram 

{PM){Px) -^^^ N{Px) 

To show this claim it is enough to show that F := {Fpx)px£Cg ^ Mode C/G{P.M,N). 
To this end it is enough to show that F is in Mod C/G, or equivalently to show the 
commutativity of the right square of the diagram 

^^^^Miax) {PM){Px) -^^ N{Px) 



(M(/„,^))(„,^) 



i.P.M)U) 



NU) 



e,,^M(ay) = {PM){Py) — ^ N{Py) 

fpy 

for all / G C/G{Py, Px) and x,y E C. Now there exists a unique {fii)(3i^G ^ ©/3eG ^iPv^ ^) 
such that / = PyJ{{fi3)i3(zG) = ^f3(zG PyJifis)- Since it is enough to verify this com- 
mutativity for each term Py,x{fp) of /, we may assume that deg / = /3 for some (3 G G. 
Then to show this commutativity it suffices to show that the right square of the fol- 
lowing diagram commutes for each a E G: 

N\Pax) {PMY{Px) ^^^ m{Px) 



NHPifcc^)) 



MUc.,cp) 



NU) 



N^iPapy) {PMT^iPy) ^ N''^{Py) 

Fal),Py 

or equivalently that 

N{<P^^,y)N{PUa,ap)) = iV(/)iV(0,,,). 
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This holds if the equation 

P{fa,al3)4>al3,y = 4>a,xf 

holds. Now since deg/ = P, f has the form / = (5^-ia,/3/^,a)(a,^)- Using this a direct 
calculation shows that both hand sides of this equation are equal to {Sx^uai3fua,\)x,u- D 

Remark 6.6. Ignoring the relationship with pushdown functors, we have an alternative 
proof of the above theorem by Theorem 5.10 and [6, Theorem 4.5] as follows: ModC ~ 
Mod(C/G')#G ~ ModG{C/G). 

Corollary 6.7. Let R be an algebra with a G -action. Then we have an equivalence 
Mod i?~ Mode i?*G. D 

Corollary 6.8. The pushdown functor P, induces G-covering functors 

mode -^ modcC/G and /C^(prj C) -^ IC^ipiiaC/G), 

where raodcC/G is the full subcategory ofmodC/G consisting of G- graded modules, 
and /C^(prJQC/G) is the full subcategory o/ /C^(prj C/G) consisting of bounded com- 
plexes of G -graded objects in prjC/G. In particular, we have 

{modC)/G ~ modcC/G and (/C'^(prj C))/^ ~ /CHprJcC/G); and 

mode ~ (modGC/G')#G' and /C^(prjC) ^ (/Cb(prJGC/G))#G'. 

Proof. This follows by Theorems 2.8, 4.3, 4.4, and 6.5, and by Corollary 5.14. D 

7. COLIMIT ORBIT CATEGORIES 

In this section we investigate the orbit category of a category C by a cyclic group 
G generated by an auto-equivalence of C modulo natural isomorphisms. Throughout 
this section let S*: C ^ C be an auto-equivalence of C. The point to define the orbit 
category C/{S) is in replacing S by an automorphism S' of some category C with an 
equivalence H: C ^ C having the property that the diagram 

C -^ C 



H 



H 



C > C 

S' 

commutes up to natural isomorphisms, and then we can define C/{S) by setting 
C/{S) := C'/{S'). In Remark 3.8 the category C was taken as a basic subcategory of C 
with H a quasi-inverse of the inclusion functor C -^ C. There is an alternative choice 
for C as used in the paper [15] by Keller and Vossieck. We realized that their choice of 
C has the form C/si^'Z^ for some Z-graded category C/s, which we call the colimit orbit 
category of C by S. As a consequence, we have C/{S) := C'/{S') ~ (C/5#Z)/Z ~ C/s- 
Thus the orbit category C/ (S) is justified as the colimit orbit category. 

Definition 7.1. (1) We define a Z-graded category C/s called the colimit orbit category 
of C by S* as follows. 

• obj(C/s) :=obj(C); 
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. For each X, F G obj(C/5), C,s{X,Y) := 0^^^C;^(X, F), where 
C)s{X,Y) := lim C{S"'-^X,S"'Yy, 

m>r 

• For each composable morphisms X — > Y — > Z in C/s, say / = {fa)aei and 



g = i9b 



IfeGZ, 



9f ■={Y1 9bf< 



ajcf^li- 



c=a+b 



(2) We define a functor S' : Cjsj^l^ -^ Cjsj^'^ as follows. 

• For each XW G obj(C/5#Z), 5'XW := X^^-^); 

• For each XW,F(j) G obj(C/5#Z), define 

as the identity map of CJ7(X,r) = (C/5#Z)(X«, F^^')) = (C/5#Z)(X(^-i), F^^'-i)). 

(3) We define a functor H : C ^> C/si^'^ as follows. 

• For each X eC, HX := X^. 

• For each X,Y E C, define 

H: C{X,Y) -^ (C:/s#Z)(X(°),r(°)) = C%{X,Y) = \im C{S"'X,S"'Y) 



m>0 



by Hf := [/], the image of / in hm C(5™X, S'^Y) for each / G C(X, F). 



¥m>0 



Proposition 7.2. (1) S" is an automorphism of the category C/si^'^; 

(2) H is an equivalence; and 

(3) We have a commutative diagram 



C 

H 



c 

H 

C/s#Z. 



up to natural isomorphisms. 

Proof. (1) Define a functor F: C/si^'^ -^ C/si^'^ as follows. 

• For each XW G obj(C/5#Z), FXW := X(*+i); 

• For each X^'\Y^^^ G obj(C/5#Z), define 

F: (C/5#z)(xw,F(-'-)) ^ (C/5#z)(x(*+i),r(-'-+i)) 

as the identity map of CJ7(X,r) = (C/5#Z)(X«, F^-'')) = (C/5#Z)(X(^+i), F^^'+i)) 
Then it is obvious that F is the inverse of S', and hence S' is an automorphism of 

C/5#Z. 

(2) It is obvious that H is fully faithful because so is S. 
Claim 1. For each X'^^ G C/s#Z wt/i i > 0, we /iave X^"*) = {S''X)^^\ 
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Indeed, [Ix] G \im^^_.C{S"'+'X, S'^+'X) = (C/5#Z)(X(-^), (5^X)(o)) is an isomor- 
phism in C/s^Z. 

Claim 2. For each X G C/s and each i G Z with i>Q, we have {S'X)^^ = X^^l 

Indeed, [ls^x] G lim^^.C(5™X, 5™X) = (C/5#Z)((5^X)«,X(o)) is an isomorphism 
in C/5#Z. ^""' 

Using these we show that H is dense. Let X^*) G C/5#Z. If i < 0, then X^''> = 
H{S-'X) by Claim 1. Hi > 0, then there is some Y e C such that X = S'Y in C 
because S is dense; and we have X^''> = {S'VY'^ ^ H{Y) by Claim 2. Hence H is 
dense, and is an equivalence. 

(3) By Claim 1, we have an isomorphism 

[Ix] : S'H{X) = X(-^) ^ (5X)(°) = i75(X). 
Then it is easy to see that ([]lx])xec- S'H -^ HS is a natural isomorphism. D 

By this statement we can define the "orbit category" C/{S) as follows. 
Definition 7.3. C/{S) := (C/s#Z)/(y). 

Since the Z-action on C/si^'^ defined by n i— *> S" " (n G Z) coincides with the 
canonical Z-action on it, we obtain the following by Proposition 5.6. 

Theorem 7.4. C/{S) ~ C/5. 

8. Quiver presentations of skew monoid categories 

In this section we compute a quiver presentation of the first orbit category A/^ G of 
a category A and a monoid G, where A is given by a quiver with relations over a field 
and G is given by a monoid presentation. We refer the reader to Howie's book [12] for 
monoid presentations. To be precise, we assume the following setting throughout this 
section: 

(1) k is a field; 

(2) Q := {QQ,Qi,t,h) is a locally finite quiver; 

(3) k[Q] is the path category of Q over k; 

(4) p C (k[(5]''')^ is a set of relations on Q {k[Q]^ is the ideal of k[Q] generated by 
all arrows in Q); 

(5) G is a monoid with a monoid presentation G = {S \ R) (even when G is a group 
we use a monoid presentation); 

(6) A := k[Q,p] := k[Q]/{p), where (p) is the ideal of k[Q] generated by p; and 

(7) G acts on A by an injective homomorphism G ^-^ End{A). 

In (3) recall the definition of the path category k[Q]. 

.obj(k[Q]):=Qo; 

• For each x,y E k[Q], k[Q]{x, y) is the k-vector space with basis the set of paths 
from X to y in Q; and 

• The composition of morphisms is given by the composition of paths as in the 
definition of the multiplication of the path algebra kQ. 
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Thus we have k{Q, p) = (BA (see Sect. 3 for the definition); and A{x, y) = eyk{Q, p)ex 
for all x^y G Qo, where Cx is the path of length at each vertex x G Qo- The algebra 
k(Q, p) and the category A are presented by the same quiver with relations, and we 
often identify them. 

By Definition 3.9 we can compute a quiver presentation of the skew monoid algebra 
k(Q,p) * G using the computation of A/-^G described below. When Qq is finite and 
G is a group, this skew monoid algebra coincides with the usual skew group algebra 
lk((5, p) * G, and hence the following theorem gives also a way to compute skew group 
algebras. 

Theorem 8.1. In the above setting, the category A/^G and the algebra ®{A/^G) are 
presented by the following quiver Q' and the following three kinds of relations: 
Quiver: Q' is the quiver obtained from Q by adding new arrows 

{S X QoY := {{g, x) : X ^ gx \ g e S, X e Qo, gx ^ 0}. 

Namely, the quiver Q' = {Q'q,Q[, t',h') is defined as follows. 



Qo 
Q'l 

(t'(a),h'(a)) 
{t\g,x),h'{g,x)) 



Qqi 

Qi u (5 X go)', 

(t(a),h(a)), Va G Qi, 
{x,gx), y{g,x) e{S xQo)', 



where U denotes the disjoint union. 
Relations: 

(1) The relations in the category A: p = 0, V/i G p; 

(2) Skew monoid relations: {g,y)a = g{a){g,x), \fa: x ^ y in Qi, \/g G S; and 

(3) The relations in the monoid G: 7i{g,x) = 7i{h,x), V((?, h) E R,^x E Qo, 
where for each x E Qo and for each g E G\{0, 1}, say g = gf ■ ■ Qi (fi'i, ■ ■ ■ , Qt ^ S , 

t > 1) we set 7i{g, x) to be the path n^g, x) := {gt, gt-i . . . gix) ■ ■ ■ ((?2, gix){gi, x) in Q' . 
Namely, it has the form 

{9t,9t-i-gix) {gz,g2gix) {92,91^) (91,^) 
gx < ■ ■ ■ < g2gix < gix < x, 

and we set tt{1,x) := e^, 7r(0,a;) := 0. 

Proof. It is enough to prove the assertion for the algebra (B{A/^G). Define an ideal / 
of kg' by 

^ ■= {p)kQ' + {{9,y)a-9{a){9,x) \a: X ^ymQi,g E S)^q, 
+ {Tc{g, x) - 7r(/i, x) I {g, h) E R,x E Qo)kQ', 

where in the second term g{a) is well-defined because (p) C / implies that we may 
regard a E A. Note that S* acts on A by S* -^ G >— > End(A). For each p E kQ, we 
set p := p + {p) E A, and Qq := {e^ \ x E Qo}. For each g E S* we set g := R*g E G. 
We may assume that g ^h ii g y^ h ior all g,h E S. 
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First define a Ik-algebra homomorphism \E': k.Q' -^ (B{A/-^G) by 

ex ^ e^ (:= e^ * Ig), Vx G Qo, 

a i-^ a (:= a * Iq), Va G Qi, 

{g,x)^egx*g, \/{g,x) e {S x Qq)'. 

Then since kQ' is isomorphic to the quotient of the free associative algebra k((5o U Q[) 
modulo the ideal generated by the set 

{exey-6x,yex,eyaex-a,egx{g,x)ex-{g,x) \ x,y e Qo,a: x ^ y in Qi,{g,x) G (SxQq)'} 

and since in ©(A/^G) we have relations 

for all x,y E Qq, a: x -^ y in Qi, and {g, x) E {S x Qo)', we see that ^ is well-defined. 

Claim 1. ^(J) = 0. 

Indeed, first ^(p) = shows "^ {{kQ') p{kQ')) = 0. Second, for each a: x -^ y 
in Qi and ^f G S", we have '^{{g,y)a - g{a){g,x)) = {cgy * g)a - g{a){egx * g) = 
egyg{a) * g — g{a) * g = 0. Finally, for each {g,h) E R and x E Qo we have 

^(7r(^,a;)) = (e^^ * ^t) ■ ■ ■ (e^^gix * 92){eg,x * 9i) 

= {egx *gt)--- {eg^g.xeg^gix * Ml) 



= egx* g 

a g = gt ■ ■ ■ gi {t > 1). Also '^{TT{g,x)) = Cx = Cgx * g ii g = 1. Thus in any case we 
have 

^{7r{g,x)) = egx*g. (8.1) 

Similarly, '^{7i{h,x)) = Chxh- Since ((7, h) G R, we have g = h, and Cgxg = etxh. Hence 
^(7r(5f,a;) — 7i{h,x)) = 0. As a consequence, we have ^E'(/) = 0. 

By Claim 1 the homomorphism \E' induces a k-algebra homomorphism $ : kQ' /I — > 
©(A/^G). It is enough to show that $ is an isomorphism. 

Next we fix a k-basis of ©(A/^G). Since A = X^uePQ^"^' ^^ere exists a k-basis M of 
A that is contained in PQ. Thus {/i * (? | /i G M, (7 G G} forms a k-basis of ©(A/^G). 

Claim 2. TW := {/i * (7 | /i G M, (^ G G, t(p) G ^'(Qo)} /orms a k-6as«s o/©(A/jG). 
Indeed, for each p G M, g E G and for each x,y E Qq we have 
(cy * lG)(/i * 9)iex * Ig) = (cj^ * lG)iP'9iex) * g) 

= eyfig{ex) * g 

_ j eyfj^^gx *g if gx ^0 
~ [0 if^a: = 

Therefore (e^ * Ig){P' * g){(ix * Ig) 7^ if and only if t(/i) = gx E g{Qo) and h(/i) = y; 
and in this case, we have (e^, * lG)(/i * ^)(ea; * Ig) = P^ * 9- This proves the claim. 
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Claim 3. For each g,h E S* and x E Qo, if g = h in G, then -K(g,x) = n(h,x) in 

kg'//. 

Indeed, the fact that g = h in G is equivalent to saying that {g, h) E -R*. If g = h 
in S*, then the assertion is obvious. Otherwise, there is a sequence of elementary R- 
transitions connecting g and h. Therefore we may assume that there exist (a, b) E R 
and c,d E S* such that g = cad, h = cbd. Note that we have adx := ddx = bdx =: bdx 
because a = b. Then 

7i{g, x) — 7i{h, x) = n{cad, x) — 7i{cbd, x) 

= 7r(c, adx)'7i{a, dx)n{d, x) — 7r(c, bdx)-n{b, dx)iT{d, x) 
= 7r(c, adx){7[{a, dx) — 7r(6, dx))'iT{d, x) E I. 

This proves the claim. 

For each g E G with g E S*, we define 



7r{g,x) ■.= TT{g,x), (8.2) 

which is well-defined by Claim 3. 

Claim 4. Let x,x',y E Qo and g E G with g E S* . If gx = y = gx' , then x = x' . 
Hence for each y E g{Qo) the inverse image of y under g has exactly one element, 
which we denote byg~^{y). 

Indeed, gx = y = gx' shows Cg^ = iy = igx' E A. Assume that x ^ x' . Then 
Cy = CyCy = egxCgx' = gicxCx') = 5'(0) = 0. But slucc A = kQ/{p) and p C kQ^^, we 
have Cy 7^ 0, a contradiction. Hence we must have x = x'. 

Claim 5. Let rj E ¥Q' . Then rj is a linear combination of elements ofkQ'/I of the 
form \n(g,g'^{t\)) for some g E G and X E M with t\ E g{Qo). {Note that the 
element g^^{tX) E Qo is well-defined by Claim 4-) 

Indeed, for each arrow a: x ^ y in Qi we have 



{g, y)a = 9{(^){9, x) in kQ'/I (8.3) 



by definition of /. In the path rj by using (8.3) we can move factors of the form {g,y) 
(with {g,y) E {S x Qo)') to the right, and finally we have 

^ = X] ty,as,:eyOis ■ ■ ■ ai{gt, xt)--- {gi, xi) (8.4) 

for some ai E Qi, gi E S, Xi, y E Qo, ty^as,... ^ K where the paths in the right hand side 
is composable. Set g '■= gt ■ • • gi ^ S* and A := CyUs ■ ■ ■ cti. Then the composability of 
the right hand side of (8.4) implies that 



Ti{g, xi) = {gt, Xt)--- (gijXi), X E FQ, and t(A) = gxi E g{Qo)- 
Here t(A) = gxi implies that xi = g^^t{X) by Claim 4. Hence 



eyas---ai{gt,xt)---{gi,xi) = X'K{g,g H(A)), 



and rj is a linear combination of the elements of kQ'/I of the form X'K(g, g ^t(X)). Now 
since M is a k-basis of A, X is expressed as a linear combination of paths in M with the 
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same tail as A and with the same head as A. By replacing A by this linear combination, 
we obtain the required expression of fj. 



Claim 6. The set S := {fin(g,g ^t(/i)) | /i G M,g G G, t(/i) G g{Qo)} spans k.Q'/I. 

Indeed, this is clear from Claim 5. 
For each /i G M, each g & G, we have 



*(/^7r(c/, g H(/i))) = ^et(^) * g = fi * g 

by (8.1). Hence the restriction $ 1^ : 5 ^ A^ is surjective, and hence so is $ : kQ' /I — > 

®iA/,G). 

Claim 7. S is a k-basis ofkQ'/I. 

Indeed, it is enough to show that S is linearly independent. Assume 

g&G,^l&M,t(p.)&9{Qa) 

in kQ' /I with tg^^ G k. Then by applying $ to this equality we have 

Yl t-g,t^f^ *g = o 

g&G,^l&M,t(^l)&g(Qo) 

By Claim 2, we have all coefficients tg^^ are zero. 

By Claim 7 we see that $ : kQ' /I — > ®{A/^G) is a bijection, i.e., an isomorphism. D 

9. Examples 
Throughout this section k is a field. 

9.1. Classical example. We begin with the following classical example in [18]. 

Example 9.1. Let G := {g \ g"^ = 1) be the cyclic group of order 2, Q the following 
quiver: 

1 





2 2' 



P 



3 



/3' 



A 2 2' 3 3'\ 
Define an action oi g on Q by the permutation I ^ o' o q' q ) ~ (2 2') (3 3') of vertices 

of Q, and define an action of g on kQ by the linearlization of this. Clearly this action 
is not free. We compute the algebras kQ/G and kQ * G by using Theorem 8.1. First 
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kQ/G is given by the following quiver 

(9,1) 

o 

1 



(9,2) 





(9,2') 
(g,3) 

7^ 



/3' 



with the following relations: 

.2^1. y(^'2')((7,2 

(^,2) (^,2' 



Prom g = 1: 

Prom skew group relations: 



62 
62' 



{g,3)(3 = (3\g,2) 



{g,3'){g,3) = es 

(fi',3)(fi',3') = 63/ 
{g,2)a = a'{g,l) 

{g,2')a' = a{g,l)'\{g,3')P' = P{g,2')- 
Then the algebra ha.s{k.Q/G) is given by the following quiver with relations: 

(9,1) 

1 



(^,1) 



ei 



When chark 7^ 2, we have has{kQ/G){l, 1) = k£:ixke2, where ei := |(ei + (5', l)),e2 : = 
|(ei — ((7, 1)) by Chinese Remainder Theorem. Hence the algebra kQ * G is given by 
the following quiver with no relations: 

(1,^1 




1,^2) 



As well known [18] if we define an action of g to this algebra by exchanging (1, ei) and 
(1, 62), then the skew group algebra {kQ * G) * G is isomorphic to the original algebra 
kQ, which can be checked by the same way as above. 

Example 9.2. In the setting above, we return to the case without the assumption on 
chark. Note that the G-grading of ha.s{kQ/G) is given by deg(Q;) = deg{j3) = g^ = 1 
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and deg(a;) = g ^ = g, where we put x := {g, 1). Then bas(kQ/G')#G' is given by the 
following quiver with relations: 

1(1) ~^ 1(9) 

x(9) 



>(1) 



v(9) 



2(1) 2(3) 



a;(9)a;(i) =ei(i),x(i)a;(5) = e^c,) 



fSW 



/3(9) 



3(1) 3(9) 

whose G-action is given by the permutation (l(i) l(3))(2(i) 2(3)) (3(1) 3(3)) and is free. By 
Theorem 5.10 this is weakly G-equivariantly equivalent to the original algebra kQ, is 
a "liberalization" of the G-action of kQ. If again char Ik 7^ 2, we see that {kQ/G)/G ~ 
{kQ/G)^G (~ kQ) this explains the phenomenon above that {kQ * G) * G = kQ. 

9.2. Infinite cyclic group. 

Example 9.3. Let p := chark and A := k[a]/{a^), namely the algebra given by the 
following quiver with relations: 



Ql, a^ = 0. 



Further let g be the automorphism of A defined by g{l) := 1 and g{a) := a + a^, and 
set G to be the cyclic group generated by g. Then G has the presentation 



G 



{9 19" = 1) 



if p > 0; 



{9,9 ^ \ 99 ^ = '^ = 9 ^9) if P = 0. 



Then by Theorem 8.1, A* G is given by the following quivers with relations: 



a (^ 1 ^ ^ , x^ = 0, a^ = 0, ax = xa + xo? ^ c? if p > 0; 



A^G= I 



n 



Q} 



XX 



u 



1 = X x,a = 0, ax = xa + xa if p = 0, 



where we put x := {g, 1) — 1 in the first case, and x := {g, 1) in the second case. 

9.3. Broue's conjecture for SL{2,A). We can deal with the same example as in [1, 
Example 6.2] by using a finite group instead of the infinite cyclic group. 
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Example 9.4. Let A and B be the algebras given by the following quivers with zero 
relations: 





1 

/ \ 



A:-- 




B:-- 




\ 3 

\ 
\ 
\ 
\ 



4 



6 



5 



and let G := {g \ g'^ = 1) be the cyclic group of order 2. Define an action of g by 
g{x) := a; + 3 (mod 6) both on T{A) and T{B), where for an algebra A, T(A) denotes 
the trivial extension algebra A x DA of A by DA := Homk(A, k). Then A := T{A) * G 
and n := T{B) * G is computed as follows: 



ai 



A: 2^ 



02 



P2 



I32l3ia2ai = q;2«i/92/9i 
aia2 = = l3il32 



U: 




«2«1 = 7l72 

/92/9i = aia2 

727l = A/52 



Piai = = a2P2 
7i/3i = = /9272 
ai7i = = 72^2 



/32 



It is known that A is Morita equivalent to the principal block of the group algebra 
kS'L(2,4) and 11 is its Brauer correspondence. Broue's conjecture claims that A and 
n are derived equivalent. This is shown as follows. Define a full subcategory E of 



/C'^(prj A) by the following six objects: Tj : 

eiA), and T4 := {e^A^e^A — ^ 



e,A {i = 2, 3, 5, 6), Ti := (62^ © e^A 



(»,P) 



64^), where the underline stands for the place of 
degree zero. Then ii^ is a tilting subcategory and an isomorphism ip: E ^ B is defined 
by sending Tj to i for all vertices i = 1, ... ,6 of the quiver of B. This canonically 
induces a tilting subcategory E' of /C^(prjT(A)) and an isomorphism ip' : £" — >■ T[B) 
as in Rickard [20]. As easily seen ip' can be taken to be G-equivariant, and hence we 
see that A and 11 are derived equivalent by Theorem 4.12. Since the G-actions are free 
in this example, T{A) and T{B) is reconstructed from A and 11, respectively, by taking 
smash products by [6]. If chark 7^ 2, the same thing can be done also by taking skew 
group algebras. Indeed, define actions of (7 on A and on 11 as follows. 

g fixes all vertices, and g{a) := —a for a E I and g{a) := a otherwise, 

where I = {ai,l3i} for A, and / = {/5i, (32} for H. Then A>kG ^ T{A) and U*G ^ T{B). 
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9.4. Derived equivalence. 

Example 9.5. Here assume that chark = 0. Let G = {g,g^^ \ gg^^ = 1 = g^^g) be 
the infinite cyclic group. Define algebras A and B as follows: 



A: 1 



Ql /3l 



3, 



02 



/32 



ail3j = = jSiaj for all i, j 
aia2 = (/52/3i)^ 



B : 





, a^ = (paths of length 7 = 0). 



02 



Then A and B are derived equivalent by a tilting subcategory E of /C'^(prj A) defined 
as follows. 

(e^A ^ e,A) 

(1.0)^ ^(/32,0) 



62^ 



(/3i,0) 



esA 



We have an obvious isomorphism ip: E -^ B. Now define a G-action on A and on B 
as follows. 

On A: g fixes all vertices and all ai, and 5'(/3j) := f3i + I3if3i^if3i for all i. 

On 5: (? fixes all vertices and ai, and g{ai) := at + Q;iQ;j+2a;j+iQ;j (mod 3) for 
i ^ 1. Then as easily seen ip is G-equivariant, and hence A* G and B * G are derived 
equivalent. Here A* G and B * G are presented as follows. 



A*G: 1^Z2^Z3 , 



' aj/Sj = = Pittj for all i, j, q;iQ;2 = (/52A)^ 
xx^^ = 1 = x^^x, yy^^ = 1 = y^"*^!/, ^r^;^"*^ = 
aix = yai,ya2 = ot^x-, 
f3iy = z(3i + z(3i(32(3i 
p2z = ypi + yp2pip2, 



1 = z-^z 



y ai 



B*G: 




CO- 



"3 2 



U 



O 

■^3 ' 



/- ^,7 



a^ = 0, XX ""^ 



1 = X ^x,yy ^ 



I = y ^y, zz ^ = \ = z ^z 



Ci\x = yai 

Ci2y = Z(X2 + Z(X20t\a'iOt2 

^ a^z = xas + xasa2aias. 



9.5. Preprojective algebra, monoid case. 
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Example 9.6. Let Q be the following quiver of type A4: 

1 
2 
3 



and let A : = 



Then the Auslander-Reiten quiver Ta is as follows. 

Pi o 




p. 





Pa 



Then mod A is equivalent to the additive hull addk(r^) of the mesh category k(r^ 
of r^. Let G := (r-i | r'^ 
preprojective algebra V{Q) of Q is given by 



(r ^ \ r ^ = 0), which is a monoid with zero. By definition the 



ViQ) := ^imodA){A,T-''A) 

n>0 

= 0(addk(rA))(Ar-"A) 

n>0 

= (addk(r^)/G(2))(A,A), 
where k{TA)/G^^^ ^ G°p * k(r^) = k(r^)//. Here F^ is given by 

Pi^ o 




P9 




P3- 



o -^ 




Pa 



o -^ 



and / is generated by mesh relations and commutativity relations xa = rax, where x 
are composable new arrows and ra is the Auslander-Reiten translation of an arrow a 
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for each old arrow a such that ra exists. By computing the endomorphism algebra of 
A inside this category we get 



V(Q): "^ 



1 

0.2 



a\a^ = (J 



3^«2 



4 



a[ai + 0202 = 0, 
a'gOs + 0202 = 0, 
03O3 = 0. 



9.6. Nakayama permutation. K. Oshiro asked the following problem to the author 
in March, 2008. We give an answer to it using the classical covering technique. 

Problem. For each permutation a E Sn of the set {1, . . . ,n}, construct a self-injective 
algebra A whose Nakayama permutation is a, and if possible give such an example by 
an algebra with radical cube zero. 

First decompose the a into a product of cyclic permutations: 

a = (xii a;i2 ■ ■ ■a;i^t(i)) ■ ■ • [Xmi a;i2 ■ ■ ■Xm,t{m)) 

such that {1, . . . , n} = {xu xyi • ■ ■a^i,t(i)} U {xm\ xu U Xm,t(m)} is a disjoin union (we 
allow t{i) = 1 here). Then t(l) + ■ ■ ■ + t{m) = n. Further we set Xi^t(i)+i '■= Xn (for all 
i) and consider j in x^- modulo t{i). 

A 2 3 4\ 
Example 9.7. For instance, for a := I , „ . o 1 = (1)(2)(3 4) G 5*4, we have a = 



^12 4 3^ 
(a;ii)(a;2i)(a;3i ^32) with t(l) = l,t(2) = l,t(3) = 2; Xu = l,a;2i = 2,X3i = 3,^32 = 4. 

Next define a quiver Q := {Qo,Qi) as follows. 



Qo :={!,..., n} = [j{xii,...,Xi^t(i)} 



i=l 



Q^ -.={01^1 \ I < i < m - l,i ^ 2Z,1 < j < t{i), 1 < / < t(i + 1)} 
U{Aj7 I 1 < i < m - 1, i G 2Z, 1 < j < t(i), l<l<t{i + l)} 



with orientations 



Xij s- Xij^i^i ^ Xij -e 2Tj+l,/ . (9-1) 



For instance in the example above, we have 



"111 /3211 

Xu s- a;2i -< 3:31 . 



/3212 

3^32 



Then a can be regarded as a permutation of Qo and it is uniquely extended to an 
automorphism of the quiver Q. By identifying a with the linearlization of this, we 
can regard a as an automorphism of the path-algebra kQ. Further a is canonically 
extended to an automorphism a of the repetition kQ. 
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Theorem 9.8. Let A be the twisted 1-fold extension ofkQ by a ([3]), namely A := 
T^CkQ) := k.Q/{i'&), where v is the Nakayama automorphism ofkQ. Then A is a 
self-injective algebra with radical cube zero and a is its Nakayama permutation. 

Proof. A has the foUowing presentation by a quiver with relations: The quiver of A 
Qa ■= {Q'o, Qi, t', h') is defined as follows. Qo = Q'o, Q'l = {cdji, l3iji \ I <i < m-1, 1 < 
j < t{i), 1 < I < t{i + 1)} and the orientations of aiji, Piji are defined by (9.1); and 
relations are given by zero relations and commutativity relations below. 

zero relations: 

Oiijiarst = 0; PijiPrst = 0, for Vi, j, I, r, s, t; 

Pijiarst = unless (r, s, t) = {i,j, I + 1); aiji(3rst = unless (r, s, t) = {i,j + 1, /); 

commutativity relations: 

ai-i,p,j+iA-i,pj = Aj+i,/"u7 (2 < ? < m - 1); 

Pi,j+i,i^iji = Pi,j+i,p^ijp (1 < i < m — 1); 

«,_!,/ j+i/9i_i,i J = ai_i,pj+i/9i_i,pj {2 <i <m). 

This shows that the indecomposable projective modules P{xij) := Ae^. . have the 
following structures for all Xij G Q'^: 

Xi 



^i-lA 




3^i+l,t(i+l)) 



•^i,j+l 



where for i = 1 delete the left side part Xi^i^i, . . . ,Xi^i^t(i-i) and for i = m delete 
the right side part Xi^i^i, . . . ,Xi+i^t(i+i)- Therefore A has the radical cube zero and 
soc P{xij) = topP{xij^i), and hence A is a self-injective algebra with Nakayama 
permutation a. D 

For instance in the example above Qa has the form 



"111 



Xu ^ 




3^31 or more simply 1 



2^ 



/3iii ,\ /3211 '^^ v\ '^^ 

\\ as 

A NX 

3^32 4 

and the structure of projective indecomposables are as follows: 

Example 9.9. For a = {1 2)(3 4), Qa and its projective indecomposables are as 
follows: 

1^^3 




2^^4 
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